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Cartesian Cut-Cell Method for Axisymmetric
Separating Body Flows
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A method for the calculation of unsteady, axisymmetric compressible flows involving both fixed and separating
bodies is presented. The method uses a Cartesian cut-cell mesh approach and high resolution upwind finite volume
scheme. A stationary background Cartesian mesh is generated on the computational domain with complex solid
geometries represented by different types of cut cell. Solid bodies are allowed to move across the mesh using a
finite volume scheme modified to deal with moving boundary problems. The flow solver employed is a MUSCL-
Hancock Godunov-type scheme in conjunction with an approximate Riemann solver of the Harten, Lax, and van
Leer type (for flow interfaces) and an exact Riemann solver for a moving piston (for fixed or moving solid faces).
A cell-merging technique is used to maintain numerical stability in the presence of arbitrarily small cut cells and
to retain strict conservation at moving boundaries. The method is applied to a muzzle blast flow and muzzle break

problems involving both fixed and separating bodies.

I. Introduction

UMERICAL predictions of transient flows are important

in many practical situations. Although such flows can be
simulated numerically using current high resolution numerical
schemes,! ™3 the simulation of unsteady flows involving one or two
bodies in relative motion is still a challenging problem in compu-
tational fluid dynamics (CFD). Typical examples can be found in
many applications including store separation from aircraft, a shell
emerging from the muzzle of a gun, and sabot/projectile separation.
Among these problems muzzle-blast flows and the related barrel-
muzzle flows involving the motion of a projectileare interesting and
complex flow phenomena to model. Highly time-dependentshock-
on-shock interactions and relative body motion are a characteristic
feature. Because such flows also present difficulty for the experi-
mental fluid dynamicist,examining the possibility of modeling them
numerically is reasonable.

In the past several years significant progress has been made in
grid-generationtechniques for unsteady compressible flows involv-
ing separating bodies, and unstructured grid methods in particu-
lar have become increasingly popular (see, e.g., Refs. 4-10). Full
configurations and/or multiple bodies present particular gridding
difficulties, and multiblock'! or patched methods'*!* are gener-
ally implemented in cases where structured meshes are to be used.
However, if the geometry of an individual componentis extremely
complex, the problems of achieving a suitable body-fitted grid re-
main unresolved unless, for example, a set of overlapping meshes
is employed based on the Chimera'? or FAME!* approaches. These
require continuous identification of mesh intersection points from
all overlapping meshes to transfer information between the various
mesh patches as bodies move. Even unstructured mesh generation
is not simple for complex configurations; such methods, although
very powerful and flexible, require a significant amount of user in-
terventionand may encounterdifficulties preservingboundariesand
reducing grid skewness as bodies move.'3:'® Furthermore, owing
to the need for continual interpolation while remeshing, unstruc-
tured mesh methods may also suffer from the effects of numerical
diffusion.
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In this paper we adopt an alternative approach for the prediction
of unsteady compressible flowfields involving both fixed and sepa-
rating bodies. This approachinvolves the use of a Cartesian cut-cell
technique and does not at any stage involve any movement of the
mesh or remeshing process as the bodies move. Rather, a stationary
background Cartesian mesh is employed, and solid bodies are sim-
ply cut out of it. When the bodies move, they are allowed to cross
the stationary mesh by merging cells in the vicinity of solid body
boundaries. In this way the Cartesian cut-cell approach deals with
complex flows around complicated geometries, either stationary or
inrelative motion. Cartesian mesh methods have been used with sig-
nificant success for computing flows about complicated geometries
(see, e.g., Refs. 17-28). For example, Berger and LeVeque* and
Quirk26 have used adaptive mesh refinement (AMR) techniques to
obtain highly resolved solutions of unsteady shock hydrodynamic
problems, with recent extensions to detonation wave phenomena
and multicomponent flows.?’ Schemes based on upwind methods
on adaptively refined Cartesian meshes have been described previ-
ously by Berger and LeVeque? for unsteady flows. De Zeeuw and
Powell,2’ Chaing et al.,*! and Coirier and Powell** have also devel-
oped Cartesian mesh methods for steady and unsteady flows, em-
ploying time-step adaptation to increase computational efficiency.
An assessment of the accuracy of Cartesian mesh approaches has
been made by Coirier and Powell.”® In the present paper the authors
describe an extension of their previously published Cartesian cut-
cell method developedinitially for static bodies?* to unsteady flows
involving separating bodies. A similar approach has been reported
recently by Falcovitz et al.”® In the next section the basic principles
of the Cartesian cut-cell technique are described. The numerical dis-
cretizationand extensionof the Cartesian cut-cellmethod to moving
boundary problems are discussed in Sec. III. In Sec. IV, several ex-
ample calculations for both fixed and separating body flows are
described. Finally, in Sec. V, some conclusions are drawn.

II. Cartesian Cut-Cell Mesh

To cope with arbitrarily complex geometries, which may in gen-
eral be stationary or moving relative to one and another, we use a
Cartesian cut-cell approach. Solid bodies are simply cut out of a
background Cartesian mesh, and their boundaries represented by
different types of cut cell. Figure 1 shows the three main types of
cell, all possibilitiesfor the four basic subtypes and special subtypes
of cut cell. Essentially, a two-dimensional Cartesian cut-cell mesh
can be generated as follows:

1) Construction of a background Cartesian mesh: All mesh cells
are initially flagged as flow cells or solid cells.

2) Locating the intersection points between the Cartesian mesh
lines and the boundaries of solid bodies: The cells partially cut by
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Fig.1 Cartesian cut cell.

the boundaries are registered as cut cells. Accordingly, the subtype,
volume, and other geometric information for each cut cell are de-
termined.

3) Locating solid cells: Sweeps across the background mesh are
then performed to identify which cells or rows of cells are bounded
by solid or cut cells; these are registered as solid cells.

In practice, problems with the numerical stability of the flow
solver may arise at arbitrarily small cut cells if a time step based
on the flow cells is used. To avoid this problem a cell-merging
technique®*® is implemented. A minimum acceptable cell volume
Vimin 18 specified, and when the volume of a cut cell becomes smaller
than V,,;, a suitable neighboring cell is found to merge with it.

The choice for the minimum volume criterion V,;, is based on
a tradeoff between the time step and resolution accuracy. In our
calculations Vyy;, was allowed to be as large as one-half the flow cell
size.

III. Numerical Scheme
A. Governing Equations
The Euler equations for two-dimensional/axisymmetric, com-
pressible flow in a general moving reference frame may be written
in integral form as

0
— Udv+?€F~nds=/¢gdv (1
ar Jy, S5 Vi

where U is the vector of conserved variables, F is the flux vector
function, g is an axisymmetric flow source term vector function,
and n is the outward unit vector normal to the boundary S,, which
enclosesthe time-dependentvolume V;. Inaxisymmetricflow ¢ = 1,
whereas in plane flow ¢ =0. U, F, and g are given by
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where p, u, v, p, and e are density, x and y components of fluid
velocity v, pressure and total energy per unit volume, i and j are the
Cartesian unit base vectors, and v, is the velocity of the boundary
of the control volume V,. In this paper a stationary background
Cartesian mesh is used to deal with moving boundary problems;
therefore, v; =0 at the interfaces of a flow cell, but at the moving
solid face of a cell v; is the velocity of the moving boundary. Finally,
the governingequationsare closedby theideal-gasequation of state:

p=(y = Dle = (p/2W’ +v*)] 3

where y is the ratio of specific heats.

B. Numerical Discretization

The numerical scheme is a Godunov-type method. Higher-order
spatial accuracyis achievedby using the MUSCL reconstructionap-
proach of van Leer. Time integrationis performed using an explicit
predictor-corrector scheme by Hancock.3! The resulting MUSCL-
Hancock scheme has second-orderaccuracy in both time and space
in smooth regions. The predictor step uses a nonconservative ap-
proach that defines an intermediate value over a half time interval
At/2:

ntd At &
VO = vy, - TI[ZF(U,()-SZ - (Vg)f’j:| o

k=1

where V is the cell volume, S is the cell face area vector, and m is
the maximum number of cell faces.

The flux vectorfunction F (U,) is evaluatedat the midpointsof cell
faces following a linear reconstruction of the flow solution within
each cell, via

U =U), +r.- VU, ®)

where ry is the normal distance vector from the cell centroid to face
k and VUf’j is a limited gradient vector in space (to be defined).

The corrector step of the scheme is fully conservative. The inter-
mediate solution from the predictor step is used to define a set of
left- and right-hand states for a series of Riemann problems. The
solution of these Riemann problems provides a set of upwind inter-
face fluxes that are used to update the flow solution over the time
interval At, that is,

+ n+%
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where the upwind flux F(U,f'R) is obtained by solving a local
Riemann problem normal to the cell interface. The left- and right-
hand states at the interface k may be calculated by

n+%
ij

n+%
Im
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where [ and m relate to the right neighboring cell and r¥ and rf
are the normal distance vectors from the appropriate left/right cell
centroids to the face k.

To solve the Riemann problem, an improved version of the
Harten, Lax, and van Leer (HLL) approximate Riemann solver,
called HLLC,*? that more accurately resolves contact surfaces is
used for the fluxes at fluid interfaces of a cell, and an exact Rie-
mann solution for a moving piston is used at a static or moving solid

boundary (or face) of a cut cell.
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Fig.2 Cut cell at a moving boundry.

C. Riemann Problem on a Moving Boundary

Consider a cut cell with a moving boundary as shown in Fig. 2,
where v is the reconstructedflow velocity at the solid boundary and
v, is the solid boundary velocity. Now, projectingv s and v, into the
normal direction 7 and tangential direction ¢ of the solid boundary,
we have

Usg = Vs - L

®)

In the tangential direction any difference between uy and u can be
regarded as a shear wave superimposed on a contact discontinuity.
In the normal direction, however, the Riemann solution for a mov-
ing piston is incorporated where the solution for u; can be found
immediately, that is,

Uy =Vy - R, uflzvf'ta Up = Vs - R,

U, = s )
and p; can be obtained by comparing the two velocities ug, and ug,.

If ug, > uy,, both left and right moving waves are rarefactions.
Then, p; can be obtained from the rarefaction relations

P y - 1 u* — ug 2y/(y =1
In (1 _ _"_“> (10)
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where p, and a; are the reconstructed pressure and sound speed,
respectively.

If ug, <uy, both left and right moving waves are shocks. Thus,
p; can be obtained from the normal shock relations

2
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where C; =2p;/(y + 1)py and py is the reconstructed density.
The flux side vector function on the moving boundary is then

0
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where S, and S, are the x and y components of the solid face side
vector S.

D. Gradient Calculation

Calculation of a limited gradient vector VU7, is straightforward
on flow cells away from a solid boundary. For cells near a solid
boundary, a different approachis needed. Because a solid boundary
can be either staticor moving, appropriateboundary conditionsmust
be implemented in the gradient calculation. Here, we use reflection
boundary conditions at the solid boundary where the variables in a
fictional cell R (Fig. 3) are

(-14+1) Gj+1) (i+1,j+1)
P @
(-13)
o
(-1,-1)
@

Fig.3 Calculation of gradients on a cut cell.

PR = Pij, v =V —2(v;j-n)n+2(v,-n)n
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The gradientson cutcell (i, j) in Fig. 3 can be of two types: fluid
and solid. The fluid gradientscan be calculated as for flow cells, i.e.,
U/{ = G(UH—I.] - U,‘.j, Ui.j - Ui—l.j)

(14)
U\f =GWj1—U;,U;—U;_1)

where G is a slope limiter function thatis used to preventunphysical
over- or under-shoots. The limiter function may take various forms,
e.g., the Superbee limiter:

G(a, b) = s - max[0, min(2|b|, s - a), min(|b|, 2s - a)]
s = sign(b) (15)

or the van Leer limiter:

alb| + lalb
G(a,b) = ———— 16
(a,b) 2l + 1| (16)

Then, the solid gradients are estimated similarly, that is,

U, =GUg — U ;U ;—U_;)
(17)

Ui = G(Ui.j+1 - Ui.ja Ui.j —Uz)

Once the two types of gradients have been calculated, a length-
averagetechniqueis usedto obtainunique componentsof the limited
gradientin the cut cell:

Ay, U + Ay U/ Ax,US + Ax U/
U. = YUk YrUs U. = ) fY5

¢ , y 18
f Ay ) A (18)

where Ax and Ay arethe uncutcell side lengthsin x and y directions,
respectively. A limited gradient vector in each cut cell can then be

defined as
VU, = U (19)
Yo,

Given the limited gradient vector VU;;, a reconstructed solution
vector U(x, y) can be found anywhere within a cut cell from

U(x,y) = U, +r- VU, (20)

where r is the normal distance vector from the cell centroid to any
specific interface or solid boundary.
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Fig.4 Cell-merging technique for a moving boundry.

E. Extension to Moving Body Problems

Body motioncanbe prescribedor determinedby the aerodynamic
forces acting on the body surface. During each time step, the new
positionof the movingbody is determinedtwice: at the half time step
and at the full time step. Once the new position of the moving body
has been found, a new list of cut cells is determined. By comparing
the new cut-cell list with the old one, changes in cell type near the
boundary of the moving body can be found. In general, the cell
change information falls into four categories: 1) cut cell becomes a
solid cell; 2) cut cell becomes an uncut flow cell; 3) cut cell remains
unchanged; and 4) uncut flow cell becomes a cut cell.

Categories three and four do not cause any problems. However,
in cases where a cut cell becomes solid (category one), the volume
of the cell at the end of time step is zero; obviously, this will lead
to problems within the finite volume scheme. In the case of cate-
gory two, failure to consider the new-born cell will result in strict
conservation being lost.

Appropriate strategies are therefore needed to ensure that both
conservation and numerical stability are maintained when using a
time-dependent,explicit, finite volume integration scheme for mov-
ing boundary problems. In general, these problems can be solved
by using a cell-merging technique 3 The basic idea is to merge
a small cut cell with one or several neighboring cells, so that any
interface between the merged cells is ignored and the waves are al-
lowed to travel in the larger merged cell withoutreducing the global
value of At.

For example, a time step At based on flow cell B will be too large
for cut cell A, which will also become solid after At (see Fig. 4).
To illustrate the implementation of the cell-merging technique, we
consider the corrector step of the MUSCL-Hancock scheme. First,
the updates for cells A and B are computed as usual:

AVD) 5 = —AI[ZF(U?R) AL (\@Zﬂ @1
A.B

k=1

Then, we ignore the interface between cells A and B and update the
merged cell C simply by combining the volume updates of cells A
and B:

A(VU)e = A(VU), + A(VU), (22)

The fluxes on the interface |cd| between cells A and B cancel out
automatically because the flux calculationis conservative. The con-
served variable U for cell C at time " *! is

mA
VEHgE = VI 4 VU — At|:ZF(U,f'R) -8

k=1

o=

mp

+ > F(UH) ST (vt (ng;ﬂ (23)

k=1

Although cut cell A finally disappears, its contribution to the
mass, momentum, and energy will be transferred into neighboring
cells so that conservationis automatically maintained.

To prevent a single cut cell becoming solid without merging with
neighboringcells, an appropriateestimate of time stepis introduced:

N Vmin
Aty = (24)
. max(lvslx.y» |V|x.y) +a

At = CFL min(Af,, At) (CFL < 1.0) (25)

where a is sound speed.

IV. Numerical Results

A. Open-Ended Shock Tube

A Mach 1.76 shock wave emerging from an open-ended shock
tube has been studied extensively in the past, both experimentally*?
and numerically."3 In the numerical studies a Mach 1.76 shock
wave was specified at the exit of the shock tube. In our simulation
a moving piston was used to create a shock of the same strength
moving down the tube. The piston was placed initially at a distance
5.5D (D is the diameter of the shock tube) upstream of the tube
exit. The gas in front of the piston was assumed to be quiescent
while a postshock state correspondingto Mach 1.76 conditions was
imposed behind the piston. The piston was set in motion impulsively
at the speed of the postshock gas. A Cartesian mesh with 450 x 150
cells was used on a computational domain of 9D x 3D. Figure 5a
shows a shock wave positioned at the exit of the shock tube at
fp=1.4128 ms. A sequence of shock diffractions was obtained at
approximately the same times as the corresponding experimental
ones in Ref. 10. Figure 5b shows computed density contours at
two time stages, which compare favorably with the experimental
interferogrammes (not shown). Figure 6 shows a comparison of
calculated and measured overpressure variation with time on the

a)

b)

c)

Fig. 5 Shock-tube problem: density contours at a) #p = 1.4128 ms, b)
ty+0.2 ms, and ¢) £y + 1.0 ms.
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Fig.6 Shock-tube problem: computed and measured overpressure on
the centerline, 1.5 diameters downstream of the exit.
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centerline of the tube, 1.5 diameters downstream of the exit. From
the computed results one can see that the shock wave is accurately
produced, and all features of the shock wave diffraction process,
such as the formation of a Mach disk, contact surface, and vortex,
are well-resolved.

B. Fifteen-Degree Wedge Flow at Mach 2

This problem has been used to validate the Cartesian cut-cell
approach for moving body problems. The geometry is a two-
dimensional channel with a 15-deg wedge on its lower wall. The
channelis usually taken to be 1 unit high and 3 units long. However,
for our simulation the length was increased to 7.5 units. Two com-
putational meshes were employed with 300 x 40 cells and 600 x 80
cells. First, the case of a fixed wedge placed in an impulsively started
Mach 2 flow was calculated. The wedge was located at x =7.25
units with height 0.2588 units so that a 15-deg compression corner
and a 15-deg expansion corner were formed by the wedge geome-
try. If a freestream flow at Mach number M, =2 passes through the
channel fromright to left, an attached oblique shock is formed at the
compressioncorner. The oblique shock is then reflected at the upper
wall of the channel and weakened by an expansion fan originating
from the expansioncorner. Downstream, multiple-shockreflections
occur at the upper and lower walls of the channel until the shock
exits from the domain (Fig. 7).

We now assume instead that the wedge moves suddenly at the
same speed into quiescent gas, and hence expect an identical flow-
field. The 15-deg wedge is initially located at x = 1.25 and suddenly
starts to move with Mach number M, = 2. Like the fixed wedge in
a Mach 2 freestream, an attached oblique shock is gradually pro-
duced and reflected at the upper and lower walls. At time ¢ =3 the
moving wedge is in exactly the same position as the fixed wedge.
Line contours of pressure from the fine grid calculation for both the
fixed and moving cases are shown in Fig. 7. Figure 8 shows a com-
parison of pressure and density distributions along the surface of
the wedge at = 3 obtained on both the coarse and fine meshes. We
can see there is close agreement between the results for the wedge
moving at M,, =2 into quiescent gas and the fixed wedge placed
in an impulsively started freestream at M, =2 and that the results
are largely grid independent. These results demonstrate the robust-
ness and accuracy of the Cartesian cut-cell method for both fixed
and moving body problems and confirm that changing the frame of
reference does not materially affect the solution.

Fig.7 Fifteen-degree wedge flow problem: pressure contours at f = 3;
fixed wedge in a Mach 2.0 freestream (top); wedge moving at Mach 2.0
into quiescent gas (bottom).
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C. Muzzle Brake Flowfields

Widhopf et al.** presented experimental data and numerical
results for a muzzle-blast wave interaction with a moving pro-
jectile and multielement brakes. To demonstrate that the present
method can cope with complex compressible flows around multi-
element axisymmetric bodies in relative motion, this problem was
also considered. In the earlier studies of Widhopf, a laboratory
model of a 30-mm cannon with an attached axisymmetric dou-
ble brake was used to provide data for practical design purposes.
A projectile, initially located inside a barrel, is propelled by high-
pressure propellant gas. As the projectile emerges from the bar-
rel, the escaping propellant gas impinges on the baffle brake. In
our numerical study sonic conditions were set at the muzzle exit,
and so the time-dependent overpressure on the brake is character-
ized by a large amplitude wave relaxing to a steady-state distri-
bution. The details of the geometry and initial conditions can be
found in Ref. 34. In our calculations a uniform Cartesian mesh
with 240 x 96 cells was used on a 12D x 4.8D domain (D=
30 mm). Figure 9 shows a partial view of the Cartesian mesh, muz-
zle brakes, and the moving projectile at time 0.18 ms. Figure 10
shows three sets of Mach number contours at times: 0.18, 0.28, and
0.37 ms. The first set of contours show the emergence of the propel-
lant gases behind the projectile whereas the second and third sets
show the gas emergence from the first and second brake, respec-
tively. Figure 11 shows the calculated overpressure histories and
comparison of computed and measured peak and steady-state over-
pressures on the first brake. Except at locations close to the brake
gap, both the peak and steady-state overpressures are in very good
agreement with the measured data.

D. Muzzle Sabot/Projectile Flowfields

Finally, a sabot/projectile emerging from the muzzle of a gun
was computed. The geometry of the sabot/projectile model was a
120-mm diam circular body 650 mm in length. Initially, the cir-
cular body was set inside the muzzle. Behind the circular body a
Mach 5.6 propellant gas was specified with the gas in front of it as-
sumed to be in a quiescent state. The computational domain was

Fig.9 Muzzle brake problem: static mesh, muzzle brakes, and position
of projectile at time (.18 ms.
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Fig. 8 Fifteen-degree wedge flow problem: pressure (left) and density (right) distributions on fixed and moving wedge surface at =3 and effect of

mesh refinement.
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Fig. 10 Muzzle brake problem: Mach number contours at 0.18, 0.28,

and 0.37 ms.
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Fig. 11 Muzzle brake problem: a) overpressure history on the front
face of the first baffle brake and b) computed and measured peak and
steady-state overpressure on the brake.

Fig. 12 Sabot/projectile emerging from the muzzle at different times:
0.38, 5.65,10.59, and 14.12 ms.

extended to a 256 x 72 mm? area using a 320 x 90 cell Cartesian
mesh. The circular body was set in motion impulsively at the speed
of the propellant gas, giving rise to a precursor shock. A series of
density contour plotsin Fig. 12 show the developmentof the emerg-
ing precursor shock and uncorking propellant gas. At the leading
surfaces of the sabot and penetrator, the precursor shock is partially
attached and detached. At a time of 0.38 ms, the projectile can be
seen just emerging from the muzzle with the precursorflow expand-
ing around the tube; by 5.65 ms the sabot/projectile is moving out
of the tube, and the propellant gas emerges behind the projectile.
As the projectile moves away from the tube, two bow shocks are
generatedaround the top of the sabot, which gradually separate with
the sabot. At 14.12 ms the first bow shock combines with the precur-
sor shock to produce a hot-spot. Meanwhile, the second bow shock
reaches the axis, and a forward-traveling Mach disk can be seen in
the expanding driver gas region. No experimental data are available
for comparison purposes for this second example.

V. Conclusions

A method for the computation of unsteady compressibleflows in-
volving both fixed and separating bodies has been presented. Based
on a Cartesian cut-cell approach and a high-resolution upwind fi-
nite volume scheme, the present method proceeds in two steps for
moving-body problems. First, a stationary background Cartesian
mesh is constructed on the computational domain, and solid bodies
are simply cut out of it. In this way the Cartesian cut-cell approach
can be seen as a viable alternative to unstructured mesh methods for
coping with extremely complicated geometries. Second, solid bod-
ies are allowed to cross the background mesh in relative motion by
means of a cell-mergingtechnique.In this way the present Cartesian
cut-cell method can deal with complex compressible flows around
arbitrarily complicated, multielement geometries, either stationary
or in relative motion, without using moving meshes. Problems such
as mesh distortion, body motion restriction, etc., that may occur
when using other mesh approaches are completely avoided. The
computational overheads of the cut-cell approach in terms of the
required checks on critical cells and recalculation of cell areas and
interface lengths as the bodies move through the static mesh are
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typically on the order of 5%. Compared with a conventionalbody fit-
ted structured grid, cell areas and side-vectorquantities are trivial to
evaluate and are thus calculated more quickly. A fully unstructured
method, on the other hand, would require local remeshing in the
vicinity of the moving body together with interpolation of solution
data and would thus be more costly than the present cut-cell ap-
proach, which only requires changesto cells cutby the body contour.

The method has been applied to muzzle blast and related flows
with rapidly moving shocks and separating bodies and has been
validated by recourse to relevant experimental data. The computed
results suggestthatthe presentapproachcan provide an accurateand
effective numerical prediction tool for the simulation of unsteady
compressible flowfields involving both fixed and separating bodies.
A three-dimensionalversionof the presentmethodis currentlyunder
development.
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